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Abstract 

For a connected network on Poisson points in the plane, consider 
the route-length D(r, 9) between a point near the origin and a point 
near polar coordinates (r, 9), and suppose ED(r, 9) = 0(r) as r — > oo. 
By analogy with the shape theorem for first-passage percolation, for 
a translation-invariant and ergodic network one expects r~ 1 D(r,9) to 
converge as r — * oo to a constant p(9). It turns out there are some 
subtleties in making a precise formulation and a proof. We give one 
formulation and proof via a variant of the subadditive ergodic theorem 
wherein random variables are sometimes infinite. 
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1 Introduction 



This paper is a technical part of a broader project investigating connected 
random spatial networks, in particular networks built over a Poisson pro- 
cess of points £ in the plane. See [3] for the least technical overview. In 
any such network there is a (shortest-) route-length <i(£, £') between each 
pair of points of the Poisson process, which by connectivity is finite. Un- 
der weak assumptions (see [T] for a sufficient condition) one expects the 
mean route-length to grow only linearly with Euclidean distance. Consider 
a (deliberately vague, for now) notion 

D(r,0) is the route-length between a point £ near the origin and 
a point £' near polar coordinates (r, 9), 

and suppose we know ED(r, 9) = 0(r) — that is, suppose we have a linear 
upper bound on mean route-length. If the random network has translation- 
invariant and ergodic distribution, then we intuitively expect that there 
should be a limit constant p{9) = lim r ^ OQ r~ 1 ED(r,9) and that in some 
sense renormalized random route-lengths should converge to the limit con- 
stant: r~ 1 D(r,9) — » p(0). This intuition arises in part from an analogy 
with the shape theorem for first-passage percolation (6j [7] on the edges of 
the grid Z 2 . In the usual such model the times r(e) attached to edges e 
are assumed i.i.d., but the proof (based on the subadditive ergodic theo- 
rem) extends to the setting where the r(e) are assumed only to be ergodic 
translation- invariant. Studying route- lengths in random networks built over 
Poisson point processes is perhaps the most natural continuum analog of 
studying first-passage times in such lattice models. Two previously stud- 
ied special continuum models, superficially different, can be fitted into our 
general setup - see section 11.31 

1.1 Formulating a theorem 

In the broader project we visualize a spatial network as having vertices and 
edges; in most contexts, summary statistics such as "mean edge-length per 
unit area" are natural and important. In the specific context of this paper, 
only the induced route-lengths c£(£, £') are of interest, so we will dispense 
with other structure and work within the following set-up throughout this 
paper. 

(Al) There is a Poisson process of points H = {£} of intensity one, on R 2 . 
(A2) On each realization of H there are non-negative finite "route-lengths" 
d(£,, £') = d(£ r , £) which are assumed (only) to satisfy the triangle inequality. 
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(A3) The distribution of the whole structure {£;d(£,£')} i s translation- 
invariant. That is, invariant w.r.t. the action of the group (T a i,; (a, b) € M?) 
where T a ^(x, y) = (x + a,y + b). Moreover for each (a, b) ^ (0, 0) the action 
of T a 6 is ergodic. 

Some specific examples are mentioned briefly in section [T72l though our 
emphasis is on the generality of the assumptions. So it is worth mentioning 
what we are not assuming. We are not assuming 
(Bl) rotational invariance 

(B2) that d(£,£') > |£ — £'| (implicit in the underlying "route-lengths" story) 
(B3) any kind of "locality" for the route-lengths £'). 
In particular, for a nearby pair the route-length may depend on 

the entire configuration S. Finally, we often describe points in Z 2 by their 
radial coordinates. So (r, 9) denotes a point z € Z 2 ; conversely, given z € Z 2 
we write (r z ,6 z ) for its radial coordinates. 

At first sight it looks easy to state and prove a theorem under assump- 
tions (A1-A3) - just find a suitable formalization of the vague notion D(r, 6) 
above, to which the subadditive ergodic theorem can be applied. But ac- 
tually carrying this through seems surprisingly subtle. One attempt is to 
condition on points being planted at the origin and at (r, 6): the remaining 
points being still distributed as the Poisson point process, one can define 
a conditioned network and then define D(r,9) to be the route-lengths be- 
tween the planted points in the conditioned network. However, for rather 
trivial reasons the desired result is simply not true in this interpretation (see 
section [272]) . A second attempt is to interpret D(r,9) as originally stated 
for the point nearest the origin and the point nearest (r,9); this makes a 
precise definition but it seems hard to work directly with this definition. A 
third attempt is to start by finding some feature to which one can apply 
the subadditive ergodic theorem. For instance, let £ n be the leftmost point 
in the semi-infinite strip [n, oo) x [—1, 1]. One can certainly apply the sub- 
additive ergodic theorem to the array (<i(£ m ,£ n )) to conclude that (under 
an integrability assumption) ra _1 d(£o, £n) converges a.s. to a constant limit 
p(0). At first sight this approach seems to resolve the whole issue. But the 
precise hypotheses and conclusions are tied to the particular feature initially 
chosen, and it seems technically hard to reconcile the results from different 
choices. 

We adopt a fourth approach, aimed at a more natural type of con- 
clusion. Write A, B for bounded subsets of R 2 and for z G M 2 write 
z + B = {z + z' : z' G B}. To motivate the precise definitions (jl!2p 
below, consider (6i and £' € z + B with r z large; the route-length £') 
provides one interpretation of our initial vague notion D(r z ,9 z ), which we 
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want to prove is approximately the (deterministic) length r z p(9 z ). To avoid 
conditioning on existence of points in sets, we sum: YI^gA Ylgez+B ^(£> O 
should be N(A)N(z + B)r z p(8 z ) ± o(r z ) where iV(-) is the counting pro- 
cess of H. But we can avoid writing N(-) by rewriting the approximation 

as Z^saZ^'&h-b l d (f>0 ~ r «P( «)l = °( r ^)- This prompts the following 
definitions. 

For c > define a random variable 

5(AB;c):=X)El d (^0-c|. (1) 

teAfeB 

Say the random network has the L 1 shape property if there exist constants 
p(9) such that, for all bounded A, B, 

r~ l ES(A, z + B; r z p(0 z )) -> as r 2 -» oo. (2) 

Because S 1 is an additive set function, it is enough to prove (J2J) when A and 
-B are sufficiently large (or sufficiently small) squares centered at the origin; 
and in the latter case we see how this notion provides a formalization of the 
idea behind D(r, 9). 

Having decided on the conclusion we seek, what hypotheses do we need? 
Obviously it is necessary that the corresponding linear upper bound holds: 
for all bounded A, B, 

E Y1 E d(£,0 = 0(r z )asr*->oo. (3) 

£GA£'Gz+B 

We conjecture that (j3J) is sufficient (see section [2~T1 for precise statement). 
However in this paper we work under the analogous, but stronger, L 2 as- 
sumption: for all bounded A, B, 

e !C§ga X^'gz+b ^ 2 (£' O ... 

sup 5 n 2 ^ < oo- (4) 

Again, it is enough to verify this when A and B are sufficiently small squares 
centered at the origin. 

Theorem 1 Under the standing assumptions (Al - A3), if hypothesis 
holds then the L 1 shape property Hj) holds. Moreover 

\p(8 2 ) - pje^i 

SU P — rz T\ — < °°- ( 5 ) 

6»2^e»i l y 2 — fi| 
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This is proved in section [21 though the main work is delegated to a new "sub- 
additive ergodic theorem with missing values" , Proposition 01 stated and 
proved in section [3l A conjectured stronger "a.s. shape theorem" conclu- 
sion is discussed briefly in section 12.11 Obviously, if we add the assumption 
of rotational invariance then p(0) is constant. 

1.2 Examples using route-lengths 

In all these examples, the <i(£, £') are minimal route-lengths within given 
networks. 

Proximity graphs [5J, [3]. This family of graphs (our main example) is 
defined by: 

(£ > £') is an edge iff the set A(^,^') contains no other point of the 
Poisson process 

for different choices of A(^,^'), a fundamental choice (giving the relative 
neighborhood graph) being 

£') is the intersection of the disc with center £ and radius 
|£' — £| and the disc with center £' and radius |£' — £|. 

Other graphs in the family use subsets of this A and hence are supergraphs 
of the relative neighborhood graph and hence can only have smaller route- 
lengths. The purpose of the companion paper pQ is to give a general property 
that implies our present condition (JU), and to verify this property for the 
relative neighborhood graph. It follows that ([!]) holds for the relative neigh- 
borhood graph (and hence for every proximity graph) on a Poisson point 
process. Because edges are defined by a deterministic rule, proximity graphs 
inherit the stationary ergodicity property (A3) from the trivial tail cr-field 
property of the Poisson process. So our Theorem [T] applies, and by rota- 
tional invariance p(6) is a constant p, depending on the model. Monte Carlo 
estimates of p (around 1.4 for the relative neighborhood graph) can be seen 
in [3] but we do not know any explicit rigorous upper bound. 

The general condition in [lj might be applicable to other models, but 
the examples below can be handled more directly. 

Lattice-based networks. One can start with (for instance) the square 
grid lattice as a network, and simply connect each Poisson point to the 
nearest grid point. One can see directly that this random network satisfies 
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the shape property with p(9) = | cos 6\ + \ sin9\. This conclusion remains true 
if we make the network be translation-invariant and ergodic by replacing the 
deterministically-spaced grid lines by randomly-spaced ones. 

Asymptotically efficient networks. It is not surprising that there are 
networks which are "optimal" in the sense p(-) = 1. It is at first sight 
surprising that one can find such networks whose length-per-unit-area is 
arbitrarily close to the minimum possible (over all connected networks - 
attained by the Steiner tree) length-per-unit-area. But this can be achieved 
by the simple device of superimposing, over the Steiner tree, a sparse Poisson 
line process. This construction is studied in detail in [2J. 

The Hammersley network. This network, introduced in [3], has the 
remarkable property that at each point £ there are exactly 4 edges, one in 
each of the four quadrant directions (i.e. between East and North, etc). 
This network has not been studied carefully, but it is plausible one can use 
known properties of the underlying Hammersley process to prove directly 
that the shape property holds with p{9) = p${\ cos(# — 7r/4)| + 1 sin(# — 7r/4)|) 
for some constant pq. 

1.3 Other examples 

Suppose we remove the "satisfy the triangle inequality" requirement from 
(A2), to get instead 

(A2*) On each realization of S there are "costs" < c(^,^*) = 
c(C,0 < oo. 

One can now define d(£, £') as the cost of the minimum-cost path from £ to 
£' , and this makes d satisfy the triangle inequality. So, provided d is always 
finite, (A2) holds. If the other hypotheses of Theorem Q] hold for d, then the 
conclusion of Theorem [1] gives the L 1 shape property for d. The following 
two particular cases have been studied previously by direct methods which 
establish the a.s. shape theorem; our Theorem Q] applies (assuming second 
moments in (a)) to give the L 1 shape theorem. 

(a) Take the Delaunay triangulation on the Poisson points, and then take 
c(£, £') to be i.i.d. with finite mean on the edges of the triangulation (and 
= oo elsewhere): |9]. 

(b) Fix a > 1 and set c(£,f) = |£ - £T : 0]. 
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2 Reducing the proof of Theorem Uto a subaddi- 
tivity result 

Write A, B for bounded subsets of M 2 with non-zero area. Write iV(^4) for 
the number of points of the Poisson point process H in A and write G{A) 
for the "good" event {N{A) > 1}. On G(A) let £a be a uniform random 
point of H n A. Note that hypothesis (j4]) implies 

E[d(£ Zl+ A,€z 2 +B)lG(zi+A)nG(z2+B)} < k(A,B) max(l, \z 1 - z 2 \) (6) 

where k(A, B) < oo depends only on A, B. 

Fix 6 £ [0, 2tt) and fix a bounded subset i C R 2 of non-zero area. Write 
z n for the point with radial coordinates (nro, 0), where ro is sufficiently large 
that the sets z n + A are disjoint. So G(z n + A) is the event {N(z n + A) > 1}, 
and on G{z n + A) let £ Z „+A be a uniform random point of 3 n (z n + A). 

Consider the array of random variables 

X mn = d(£ Zm+A , (z n +A) on G{z m + A)n G{z n + A) (7) 
= oo otherwise . 



Note (A2) implies the triangle inequality 



for £ < m < n, Xe n < X fm + X mn on 1 



L G(z e +A)nG(z m +A)nG(z n +A) ■ 



(8) 



Proposition HJ stated and proved in section [3l is tailored to this setting. 
Specifically, hypothesis (i) is ((TJ), (ii) is (jSJ), (in) follows from Poisson inde- 
pendence, (iv) from (A3) and (v) from Q). The conclusion of Proposition [4] 
is that there exists a constant < p(9) < oo such that 



E 



d(£,A, iz n +A) 



nro 



G(A)nG(z n +A) 



0. 



0) 



This is the main ingredient of the proof; the argument below continues 
with the details of converting Q into the stated conclusion of Theorem [TJ 
The typography in ([9]) is potentially confusing; note we are multiplying an 
absolute value by an indicator, not taking a conditional expectation. 

A priori the limit constant p(0) in ([9|) might depend on A and on ro. 
We first show it does not depend on ro; more precisely, we will show 



E 



d(t,A, C(r,9)+A) 



Pi0) 



G(A)nG((r,6)+A) 



as r — > oo. 



(10) 
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Let us give the argument for (jlOp in some detail, intending to omit similar 
details later. Write r = (ni+n,2)ro+j for some < 7 < Tq. Let r — > 00 while 
choosing n\ = n\{r) — > 00 and 722 = ri2(r) — » 00. By ([9]) and translation- 
invariance 



£( ni ro,tf)+il) - nir Q p{9) 



G{A)nG{{mro,0)+A) 



E 



d(C(n 1 r + 1 ,e)+A, C(r,e)+A) ~ n 2 rop(9) 



G((n 1 r +- f ,e)+A)nG((r,e)+A) 



0. 



Combining these with ([6]) applied to S,( nir0) e)+A an d & n iro+y,0)+Ai an d using 
the triangle inequality for d(-, •), 



d(C4,£(r,0)+A) 



P(0) 



G(A)nG((r,6»)+ J 4)nG((niro,0)+A)nG((niro+7,f)+A) 



as r — > 00. 



This expression differs from (jlOp only by the inclusion of the restriction to 
G((mro, 0) + ^4) H G({n\rQ + 7, 6) + A), an event which has probability at 
least 1 — p for some p = p(ro, A) < 1. Given /c we can choose (for large r) A; 
different values of n\ such that the k corresponding events are independent 
because the underlying sets are disjoint; it follows that 



E 



d(£,A,£,(r 



G(A)nG((r,6)+A)nH(r,k) 



as r — > 00 



for certain events H(r, k) such that P(H(r, k)) > 1 — p k for large r. Letting 
k —> 00 and appealing to the L 2 bound (jH) establishes (fTUj) . 

Now consider two subsets A C A'. Could the two constants p(6) and 
p'(6) in (jlOp be different? When we make independent choices of random 
points £ Z +A arm £z+A' there is some fixed probability p(A, A') > that the 
two random points are the same, and it easily follows that the limit constants 
must be equal. That is, p{9) does not depend on choice of A. 

Next we prove the Lipschitz property ©. Fix Q\ and 9 2 - The triangle 
inequality and © give 

E[\d(^A,C(r,ei)+A) ~ d(CA,C(r,e 2 )+A)\ 1 G(A)nG((r,e 1 )+A)nG((r,e 2 )+A)] < 

E [d(S,( r ,e 1 )+A,(,(r,e 2 )+A)\ l G(A)nG((r,e 1 )+A)nG((r,e2)+A)} < n(A,A)mm(l,r\9 2 -0i\). 



Applying (JTOj), 



\p(e 2 )- P (e 1 )\p 3 (G(A))< K (A,A) \e 2 



s 



and now any choice of A establishes (|5|). 

Next we want to prove the analog of (|10p where the angle is not fixed. 
That is, for z = (r z ,6 z ) with r z — > oo, we claim 



E 



d(Z,A,iz+A) 



p(0z 



G(A)nG(z+A) 



as r 7 



oo. 



fill 



By compactness and continuity of p(-) we can reduce to the case (r n ,9 n ) 
where n — > 6, and it is enough to prove 



E 



r n ,6„)+A 



P(0) 



G(A)nG((r n e n )+A) 



as r r 



oo. 



(12) 



Here we repeat the format of the argument for (110j) . Take r* = (1 + o(l))r n . 
Apply the triangle inequality to £A,€(rZ,6)+A,€(r n ,e n )+A> apply the fixed-fl 
result (fTUj) to the first distance and apply ([6]) to the second distance; we 
deduce the analog of ([T2]) with the extra term loUr* ,6)+A) ■ But this is true 
for each of multiple possible choices for r*, so we can deduce (fl~2l) and thence 

(ED- 

To complete the proof we need to convert into an assertion involving 
the sums S(A, z + B; r z p(8 z )) appearing in ([2]). Let us state the underlying 
logical structure carefully; note there is no assumption that the (Y^) are 
independent of (N{ n) , iV 2 (n) ). 

Lemma 2 Fix X 1 ,X 2 - For each n let {Y^\ 1 < i < N[ n \ 1 < j < iV 2 (n) ) be 

an array of nonnegative random variables, and suppose that N[ n) and iV 2 (n) 
are independent with Poisson(\\) (resp. X 2 ) distributions. On the event 



{N^ > l,iV 2 "'' > 1}, and conditional on the entire collection (Y i 



r(n) 



(n) 



'.I 



Ki< 



N[ n) , l<j< iV 2 (n) ), take {U ( l n) ,U^ n) ) to be independent with Uniform[l, 2, . . . , N[ n) ) 
and Uniform[l,2, . . . , iV 2 ] distributions. Suppose 



Y 



(n) 



7 (n), 



in probability as n 



oo. 



Then 



EE ^ 

i=i j=i 



(n) 



in probability as n — > oo. 



Proof. It is enough to prove the conclusion restricted to {1 < iV^ < 
L, 1 < < L} for fixed L. But with this restriction, the hypothesis 



9 



implies maxjj Y^- — > in probability, which in turn implies the conclusion. 
■ 

Now consider the setting of (jlip . As r z — > oo the array 

satisfies the assumptions of Lemma [21 and the conclusion is 
r z l S(A, z + A; r z p(9 z )) — > in probability. 
The I? bound dH) extends this to 

r- 1 ES(A,z + A;r z p(e z ))^0 
which is enough to establish the L 1 shape property. 

2.1 The conjectured a.s. shape theorem 

Implicit in the underlying picture of route-lengths in spatial networks is that 
route-lengths are at least as big as Euclidean distance: 

d(£,0>l£-a (13) 

This was not assumed for Theorem [TJ assuming it here, we see p(8) > 1. 
Using "triangle inequality" arguments as in the previous section, it is easy 
to check that 

B := {z = (r,6) : r < l/p(0)} 

defines a convex subset of the unit disc. A natural informal statement of a 
shape theorem is that, if we plant one Poisson point £o a t the origin, then for 
large t the set of points at route-length at most i from £o is approximately 
the set of points within £B. So one can formalize the a.s. shape property as 
follows, in the context of a planted point £o at the origin. For each e > 
there exists random L(e) < oo such that for all t > L(e) 

E n (1 - e)m C{(eH: d(f , £ ) < i} Q (1 + e)£B. 

This has been proved by direct methods in the two special models of section 
11.31 Because our Theorem Q] conclusion involves L 1 convergence instead of 
a.s. convergence, it implies only a somewhat weaker result; and also our 
"L 2 bounded" assumption is stronger than seems necessary. In other words, 
the natural conjecture suggested by the analogy with the shape theorem for 
first-passage percolation is as follows. 
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Conjecture 3 Under the standing assumptions (Al - A3), and 0) and 
\13\) , there exists a convex set B such that the a.s. shape property holds. 

And though we work throughout with an underlying Poison point process, 
such a result might be expected to hold for any ergodic translation-invariant 
point process. 

2.2 A minor counter-example 

Take a model to which Theorem [T] applies with p{9) > 1. Choose r k f oo 
fast and 5k j 0. Modify the model by putting a straight line link between 
each pair of points whose distance apart is in Uk[rk, r& + 5k]- By making the 
5k | sufficiently fast and appealing to the "minimum cost path" device of 
section 11.31 the hypotheses and conclusion of Theorem [T] remain true with 
the same limit p{9) - the extra links make no difference to route-length 
between typical pairs. But if we had attempted to formulate the theorem 
using ll D(r,6) = distance between two points at distance r apart" then we 
would not get a r — > oo limit, because of the exceptional r € Lik[rk, rk + 5k]- 

3 A subadditive ergodic theorem with missing val- 
ues 

We develop a variation of Kingman's subadditive ergodic theorem (see e.g. 
[8]) in which the random variables (Xij,0 < i < j < oo) are sometimes 
undefined (in which case we will set the value to oo, though that isn't quite 
the natural interpretation in our application). Consider a sequence (Gj, < 
i < oo) of "good" events, and write Ii for the indicator 1^ and write 
Iij = Iilj = IcifiGj- Our assumptions are 

(i) < Xij < oo; Xij < oo on (7, PI Gj . 

(ii) For i <j <k, X ik < X iS + X jk on d n Gj n G k . 

(iii) The process (/j,0 < i < oo) is independent Bernoulli(<5) for fixed < 
5<1. 

(iv) Setting Xj = (Jj, X^i+k, 1 < k < oo), the process (Xj,0 < i < oo) is 
stationary and ergodic. 

(v) sup n > 1 n- 2 E[^ n J n] < oo. 

Mostly these are the obvious analogs of the usual assumptions [BJ. Note 
that in the usual setting we have a trivial implication 

if EXqx < oo then supn _1 £ , Xo n < EXq\ < oo 
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whereas in our setting the implication: 



if E[XqiIqi] < oo then supn E[Xo n Io n ] < oo 

n 

is not trivial (we don't know if it is true). The latter would be the natural 
hypothesis in our setting, but to make our straightforward proof technique 
work we make the stronger L 2 assumption (v). Also to keep matters simple, 
we assume ergodicity and seek only L 1 convergence. 



Proposition 4 Assume (i)-(v). Then there exists a constant < c < oo 



such that E\\^ - cllnj -> 0. 



Proof. We compare the given process with another process in which one is 
allowed to use the "bad" indices, but with high penalty. Fix large K. Define 



Xij — X-ij on Gj n Gj 



■Xi i+i = K on the complement (Gi n G; l+ i) c of Gi fl G 



i+l 



Xij undefined, otherwise. 

Now define a process 

= min ( Xj 0i j 1 + Xi l; i 2 + . . . + X{ 



the minimum over i = zq < i\ < ii < . . . < i m = j such that each Xi u _ x ^ u 
is defined. Observe that Yij is always defined and finite, and is subadditive. 
Also, because Yoi = -^oi^oi+-^(l — -^oi) we have EYqi < oo. So we can apply 
Kingman's subadditive ergodic theorem to deduce there exists a constant 
< < oo such that 



E 



r 0n _ C (K) 

n 



as iV ^ oo (14) 



where we now write Y^ K > to emphasize dependence on K. 
Note that the L 1 convergence in (|14[) implies 

5 2 c^ = lim E[c^ K h 0n ] = lim E[^I Qn ). 
Now by assumption (v) we have 

B\ := supn -1 .E[Xo n ion] < oo 
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and from the definition 

< X 0n on G n G n . (15) 

So 5 2 c^ K ^ < B\. Also from the definition we see that 5q„ is non-decreasing 
in K. Hence so is c^ K \ and so we can define the limit 

c := lim c^ K ' 

for which < c < oo. 

The essential issue is to bound the difference in (|15p . Fix K and n. By 
definition there is some path = io < h < 12 < ■ ■ ■ < im = n for which 

Y 0n^ = -^io,k + ^Ma + • • • + ^i m _i,i m - (16) 
Some steps on the path are of the form (for some i) 

(Wu+l) = (i,i+ 1) and d n G i+1 fails, so X iutiu+1 = K. 

Write I for the random set of i for which this occurs (for some i u ), and note 
for later use 

> K\l\. (17) 

Now consider a maximal run [b, b'] of bad events; that is, Gj occurs for 
i = b — 1 and i = b' + 1 but not for b < i < b' . Then the path in (116p must 
either use all the edges (6 -1,6), (b, b + 1), . . . , (6' - 1, 6'), (&', b' + 1) or 
none of them. If it uses all of them, replace the path segment 6 — 1 — ^ 6 — ^ 
. . . — > b' — > b' + 1 by the single edge b — 1 — > b' + 1, that is replace the part 
Xb-i,b + • • • + Xb'fi'+i of the sum (fT6|) by A^-i^'+i. Make this replacement 
for each bad run touched by the path, and assume we are on Go n G n so 
there are no endpoint issues. This converts (|16p into a new sum 



Z 0n ) - ^ioji + -Xji^'a + • • • + x j t -i,j q (1-8) 

where all the steps are between good indices, and so by the subadditivity 
assumption (ii) we have 

X 0n < Z$ on G nG n . 
The net effect of this conversion can be written precisely as 

So?-*oP= E - on Go n G n 

(6,6') efi 
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where B is the set of bad runs touched by the path. So we can bound the 
difference in (|15p rather crudely as 



E 



(X 0n - )I Qn 



< E 



Ion Xb-Ifi>+1 

(b,b')eB 



Recall hypothesis (v): 



B 2 := supm 2 E[Xl m I Qm ] < oo. 



(19) 



For < i,j < n, j — i > 2 write Ajj for the event {(i + l,j — 1) € ,8} and 
note Aij C /ij. Using the Cauchy-Schwarz inequality. 



< Jp{K i3 n /on) (j - i)# 2 1/2 



(20) 



the second inequality by the stationarity assumption (iv). 
Set pij = P(Aij n Io n ) and note 

Pij < P(Aij) < P(G c i+1 n . . . n = (1 - <5) 



by assumption (iii) . Because the sum in (fK?j) can be written as ^ . l^y -Xij , 
we can combine (fl~9j) and (|20|) to get 



n— 2 n 
i=0 j=i+2 



1/2 

Now consider the double sum above with p^ replaced by p^. That is, 
consider 



(21) 



n— 2 n n— 2 n 

i=0 j=i+2 i=0 j=i+2 

= -E/on for the random set 2 in (|17[) 

< K^EIonY^ ) by (HH) 



(22) 



< K^EIonXon by (US 

< B\njK. 



(23) 
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Now an elementary inequality (stated and proved as Lemma[5]below) bounds 
the right side of (|2ip in terms of the left side of (|22p. Combining this 
inequality with (|21I23|) gives: for any J > 2, 



B^n-'EKXon-Y^)^}^ Y, J(l-<5)°'" 1)/2 + J^BjK. 

j=J+i 



Taking J = K 1 / 2 we see 



lim snpn^EKXon - Y Q ( «>)I 0n ] = 

which by the L 1 convergence (|14|) and the inequality (|15|) implies 
lim limsup£?[|n _1 Xon - c {K) \I 0n ] = 

K^oo n 

establishing Proposition H] for c = lim^^oo c^ K > which was previously shown 
to be finite. 

Lemma 5 Let < rj < 1 and let (pij,0 < i,j ' < n, j — i > 2) 6e constants 
such that < < r] 3 ~ % ~ 1 . Then for any J > 2 



71 — 2 71 



E E Cj - Op-/ 2 < E ^°- 1)/2 + Jn- 1 " 

i=0 j=i+2 j=J+l 



n— 2 n 



E E u-i)pa- 

1=0 j=i+2 



Proof. Fix i and set <jl- = Pi,i+j for 2 < j < n — i. Then 

J 



oo 



E^ 7 ^ E ./'/ ? 2 Y.j'i 



1/2 



J'=2 



j=J+l 

oo 



i=2 



j=j+i 



E^' 



by the Cauchy-Schwarz inequality. Setting d, = Y2j=2 31j^ another use of 
Cauchy-Schwarz gives 



n-2 



Ev^ <« x 



/2 



j=0 



n-2 
i=0 



and the result follows. 
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